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Abstract. We consider the classical self-dual Yang—Mills equation(3+- 1)-dimensional
Minkowski space. We have found a new solution. It describes the scatteringlahe waves.

The construction which we use is similar to the quantum inverse scattering method. We introduce
a ‘Monodromy matrix’ 7. It acts in the direct product of the universal envelopingSéf(N)
algebra and an auxiliary linear space. In order to obtain the solution of the self-dual Yang—Mills
equation, we take a special matrix elemenibf- 7)1 in the auxiliary space.

We consider a classical Yang—Mills field valued in 8§ (N) algebra, defined oveB+ 1)-
dimensional Minkowski space. We study the self-dual equation:
i
F,, = ée,wWF”". (8]

The study of this self-dual Yang—Mills equation is important for the understanding of QCD
[1-7].
Following [8], we take the light-cone gauglk,_, = 0. Then the self-dual Yang—Mills
equation leads to the relations
Agsiy =0 Aotz = V20,11, ® Ariy = V280, D. 2)

Here Ao, = Ao+ A, Aysiy = A, FiA,T and @ is a scalarSU (N)-valued field which
satisfies the following equation:

0% — ig[d 41y ®. o ®] = 0. 3)

This is associated with a cubic action [9]. Following [10], we start looking for the solution
of equation (3) using perturbation theory in the coupling consgant

oo
O(x) =Y " (x). 4)

m=1
Here, @™ depends on the coupling @4 ~*. The first term satisfies a linear equation
do® = 0. (5)

|| E-mail address: korepin@insti.physics.sunysb.edu
9 E-mail address: toota@yukawa.kyoto-u.ac.jp
+ We use the coordinat¥%*? = (r £ 7)/2 and X** = (x £iy)/2 with metric gosz,0-: = —&rtiyr—iy = 2-
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We choosed® as a sum of: plane waves
oW (x) =i Y T9 e f(k;). (6)
j=1

HereT“ are SU(N) generators
[Ta’ Tb] — i\/éfabcTC tr 7 Tb — 5“17. (7)

The indexa; specifies a ‘colour’ of thejth plane wave. The; are a set of: different
light-cone vectorsc? = 0, and f (k) is a function with support on the light-cone. We will
also use the following notation:

— (kj)0+z — (kj)xfiy
(kj)x-Hy (kj)O—Z .
We have found explicit expressions for tiig”. The first two terms coincide with the

results of [10], but all othe®"™ (m > 3) are different.
Let us explain our solution. We shall use an abbreviation:

0 (8)

$(j) =T e f(ky). ©
We introduce the following function:
> 1 dr et/rar
= ——ad" =P — = Ip(2Va). 1
V() go T o 0(2va) (10)

Here Iy is a modified Bessel function of the first kind. The integration contour is a circle
around zero. We integrate in the positive direction.
Let us define a linear operat@r by giving its kernel:

T (a1, a2; j1, j2) = gd(j) P(j1, j2)
X/o ds €' V(sa18¢(j1) P(j1, j2)V (sa2g9 (j2) P(j1, j2)). (11)

Here j; and j, run throughn values. The integration variables , take values in the

unit interval [Q 1]. We shall considefl as an operator acting on a direct product of
n-dimensional vector space and the space of functions on the unit interval. The kernel
T (a1, az; j1, j2) takes its values in the universal enveloping algebra8Gf{N). We are
using P (j1, j2) which is defined by

Q) — Q)" for ji # j2

12
0 for Jj1 = Jo. ( )

P(j1, j2) = i

The kernelT (a, «’; j, j') depends only on thgth and j’'th plane waves. It vanishes if
i=1J.
The function (11) is a kernel of an operatbr

(f)(al:_jl),(az;_iz) = T(Ol]_, 2] jl’ ‘]2)

whose indexc; j) takes values in [01] x {1, 2, ..., n}. It acts on a ‘vector(f) . j, (which
takes its value in the universal enveloping algebra) as follows:

nopl
Ty = Z/o da’ T (ee, @5 j, )Y - (13)
=

T can be compared with the monodromy matrix of the quantum inverse scattering method.
It acts on the direct product of the universal enveloping algebi®tafV) and an auxiliary
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space. The auxiliary space is also a direct produetdimensional vector space and a linear
space of functions defined on the unit intervakOx < 1. We call T the ‘monodromy
matrix’.
We introduce two special ‘vectors’ (see (9))
(D) a:jy = () (P0) @) = 1. (14)

For example, a scalar product @f, and an arbitrary vector functiofi is equal to

n 1
b0 F=Y [ Py
j=170

Now all the notation is prepared to allow us to write down the solution of the self-dual
equation (3) that we have found:

d>(x)=—i¢0-(l_f>¢. (15)

This is the main result of our paper.
The operatol — 7)~! in equation (15) is defined by the infinite series

O(x) = —igy- (Z(N)qb. (16)
=0
The exact expression for each term
DV (x) = —ighg - (1) b (17)

is given by

é(l)(x)=—i’21i...i/01da1/01d012...

j1=1j2=1 Ji=1

1
. / do; T (a1, o5 j1, jo) T (et2, @3; j2, ja) ... T (eu—1, o i1, j@ (o).
0

(18)
The proof of formulae (15) and (16) can be given as follows. One decomposes the self-dual
equation (3) into a Taylor series in the coupling constanfhen one explicitly evaluates
each term. One must make sure that this perturbative series satisfies the self-dual equation
(3). All the details of the calculations can be found in [11].

Remark 1 We can perform the-integration in the definition of the ‘monodromy matrix’
(11) using the formula for the Bessel function.¢lfj1) and¢ (j2) in equation (11) commute,
then the result can be written in terms of the exponential functionlatd (10) (or the
modified Bessel functiot).

Remark 2 Our formulae are complicated. So let us study them in a simplified situation.
Let us consider what will happen to our formulae if algeneratorg’“ belong to a Cartan
subalgebra ofU (N) algebra:

[0, ¢(jN]=0 Vi, j'=1....n (19)
in (9). For this case, a cancellation between many terms gives a trivial solution:
P (x)=0 forl > 2. (20)

The result is the sum of place waves which we chose as the input of the iteration:

0@ = 8V () = ~igg- 6 = 1 YT e f (k). (21)
j=1
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Remark 3 To derive our formula (15), we have not used any properties ofStHeN)
generators. So our formula is valid not only f8&/ (N) but also for other gauge groups.
The two requirements to obtain the formula is th&j) in (9) satisfies the free equation and
all momentak; (j = 1,...,n) are different in order thaP (j1, j») in (12) are well defined.
We can choose (j) as some linear combination of the generators of the gauge group:

¢(j) = —ie‘ikfX<ng?><kj)T“f>.

aj

Here,f[fjf)(kj) is a function with support on the light-cone. This linear combination can be
interpreted as a set of plane waves with various colours but with the same momgntum
So we can treat the case of a set of particles having the same momenta.
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